
International Journal of Mathematics, Statistics and Operations Research
Vol. 5; Number 1; 2025, pp. 67-93
https://doi.org/10.47509/IJMSOR.2025.v05i01.05

Article History
Received : 24 April 2025; Revised : 22 May 2025; Accepted : 29 May 2025; Published : 26 June 2025

To cite this paper
Barintag, Saheya, Enkhbat, Rentsen & Tungalac, Natsagdorj (2025). Nonconvex Optimization Approach to Cost Volume 
Profit Analysis. International Journal of Mathematics, Statistics and Operations Research. 5(1), 67-93.

ARF INDIA
Academic Open Access Publishing
www.arfjournals.com

ASIAN JOURNAL OF STATISTICS AND APPLICATIONS

VOL NO. 1, ISSUE 1 ,PAGE NO.# YEAR 2024

NONCONVEX OPTIMIZATION APPROACH TO COST

VOLUME PROFIT ANALYSIS

BARINTAG, Saheyaa

a Inner Mongolia Normal University,Inner Mongolia, China

ENKHBAT, Rentsenb

b Institute of Mathematics and Digital Technology, Mongolian Academy of Sciences,

Ulaanbaatar, Mongolia

TUNGALAG, Natsagdorjc

c School of Business, National University of Mongolia, Ulaanbaatar, Mongolia

ARTICLE HISTORY

Compiled May 30, 2025

ABSTRACT

This paper intends to develop a new cost-volume-profit (CVP) analysis based on op-

timization and sphere packing theories [1, 2]. The original cost-volume-profit (CVP)

model was first introduced by Hess and Mann in 1903 and generalized later to mul-

tiproduct case. It seems a little attention has been paid to the extension of existing

models of CVP analysis when its parameters such as sales, prices, and costs vary

simultaneously over a given period. For this purpose, we propose a new approach to

profitability analysis based on a notion of set of profitability conditions with respect

to CVP parameters which is nonconvex. The main difficulty for handling CVP anal-

ysis is nonconvexity of the set of profitability conditions. To overcome this, we apply

the penalty function method in order to find a feasible point in the nonconvex set of

the set of profitability conditions. Finding a feasible point allows to construct other

subsets of the set of profitability conditions based on sphere packing theory. The
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approach also provides practical suggestions and recommendations for managers to

choose a set of optimal CVP parameters. The proposed approach is illustrated on

some examples providing numerical results.

KEYWORDS

management decison making, CVP analysis, profitability analysis, optimization,

penalty method, sphere packing theory

1. Introduction

Cost Volume Profit (CVP) analysis is a management tool that is used to planning and

making decisions in the business environment. This plays important role in predicting

the impact of changes in costs, sales, and volume on a business’s future profits. Ac-

cording to Horngren and Foster (2010), the basic CVP model is considered under the

following assumptions and limiting conditions: costs and revenues are linear, selling

prices are constant, prices of production inputs are constant, all costs can be catego-

rized into their fixed and variable elements, total fixed costs remain constant, total

variable costs are proportional to volume. Fixed costs are constant over the range

of the analysis while variable costs are proportional to volume. CVP is used to de-

termine the level of sales which is required to recover all costs incurred during the

period. Since the objective of CVP analysis is to determine the level of sales which is

required to achieve a targeted level of profit, break even analysis may be considered

as a special case of CVP. If sales fall below the break even point, losses will be in-

curred. Management must determine the break even point to compute the margin of

safety, which indicates how much sales may decrease from the targeted level before the

company will incur losses. The objective of CVP analysis is to determine the volume

of sales to achieve a targeted level of profit. There are many works devoted to break

even and CVP analysis, but most of them deal with one type of product case. G.O.

Nworie[22] and Abdullahi et al.[3] examine CVP analysis as a decision making tool in

small businesses. They suggest that small businesses be exposed to CVP analysis and

other management accounting techniques to increase efficiency. Enyi [6] examines the

multiproduct CVP analysis applications based on the Weighted Contribution Mar-

gin. In [8] CVP analysis has been applied in all businesses and any industry, whether
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large or small. Revenue analysis of mobile rice milling business has been considered

in [10]. Application of CVP analysis for the development of stingless bees farming in

Malaysia has been shown in [12]. The research done in [14] recommended that block

industries should use CVP analysis as a main tool in profit planning because of its

impact, efficiency, and accuracy in the rationalization of profit maximization objective.

To improve the efficiency of reusable products and obtain an environmental benefit,

CVP analysis has been done in [13]. CVP analysis for milk production of selected EU

countries was done in [9, 15]. In [16] CVP analysis for the battery production has

been analyzed. Ihemeje, Okereafor, and Ogungbangbe (2015) noted that managerial

incompetence is one of the major problems faced by firms when using management

accounting models such as CVP. Recently, new applications of sphere packing the-

ory [2] have been applied to CVP analysis [24] which considers a set of profitability

analysis with respect to its parameters. In this work only convex properties of the

set of profitability conditions have been considered. But when all parameters of CVP

analysis vary simultaneously, the set of profitability conditions is not convex. For this

reason direct application of sphere packing theory to CVP analysis may fail. Taking

into account the above existing literature and noting that less attention has been paid

to define the sets of CVP parameters such as sales, prices, and variable costs which

guarantees the profitability of industries, we propose a new mathematical methodology

based on nonconvex optimization method with combination of sphere packing theory.

Optimization method allows us to a find a feasible point from the nonconvex set of

profitability analysis while the sphere packing deals with this point to generate other

sets of profitability.

In this paper, we define and find sets of profitability conditions with respect to

volume, price, and cost based on penalty function method and sphere packing theory

[2]. The proposed approach was illustrated on some examples.

The paper is organized as follows. Penalty method for defining points from a

set of profitability conditions has been defined in Chapter 2. Application of sphere

packing theory to profitability analysis of a company has been given in Chapter 3. The

numerical implementation of the proposed approach has been illustrated in Chapter

4.

3
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2. Profit analysis with varying parameters

The total profit of a company for a multi-product case can be written as [19, 24]:

π =

n∑
j=1

pjxj −
n∑

j=1

cjxj − F (1)

where, π-total profit, pj-price per unit of j-th product, xj-quantity of product sold,

cj-variable cost per unit of j-th product, F -total fixed cost, pj > cj .

It is important for a company to operate profitable, in other words, company’s

profit must be nonnegative:

π ≥ 0

or the set K defined by

K(p, x, c, F ) = {(p, x, c, F ) ∈ R3n+1|
n∑

j=1

(pj − cj)xj ≥ F, xmin
j ≤ xj ≤ xmax

j ,

pmin
j ≤ pj ≤ pmax

j , cmin
j ≤ cj ≤ cmax

j , Fmin ≤ F ≤ Fmax, pj > cj , j = 1, . . . , n}

is nonempty.

The set K(p, x, c, F ) is called a set of profitability conditions. Clearly, the set K

is nonconvex. It is important to find a feasible point in the set K in order to generate

sets of profitability conditions with respect to its parameters p, c, and F . In order to

find a feasible point of K, we apply the penalty method [25]. Let a point u be an

arbitrary point in R3n+1.

Consider the problem

min
z∈D

f(z) = ∥z − u∥2, z = (p, x, c, F ) (2)

4
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subject to:

g(z) = F −
n∑

j=1

(pj − cj)xj ≤ 0, (3)

where

D = {z ∈ R3n+1| xmin
j ≤ xj ≤ xmax

j , pmin
j ≤ pj ≤ pmax

j ,

cmin
j ≤ cj ≤ cmax

j , Fmin ≤ F ≤ Fmax, pj > cj , j = 1, . . . , n}.

It can be easily checked that if the following condition

F ≤
n∑

j=1

(pmin
j − cmax

j )xmin
j

holds then the set K is nonemtpy.

Problem (2)-(3) is a nonconvex optimization problem.

Algorithm of Penalty Function Method(PFM)[25]

To solve the problem, we apply the penalty function approach. The advantage

of the penalty method is to reduce the constrained optimization problem into an

unconstrained one so that it can be easily solved by a standard optmization methods

and algorithms.

Introduce the penalty function p(z) as follows:

p(z) = (max(g(z), 0))2

and

L(z, Ck) = f(z) + Ckp(z)

5
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Note that

minz∈D L(z, Ck) > −∞,

here {Ck}∞k=1 is a positive and monotonically increasing sequence. Algorithm of

penalty method is implemented in the following steps[25]:

Step 1: Parameters C1,m, eps are given and set k = 1, C1 = 10, m ∈ N

Step 2: Solve the problem

minz∈D L(z, Ck).

Letzk be a solution to the problem, that is L(zk, Ck) = minz∈D L(zk, Ck).

Step 3: Set u = zk, k = k + 1, Ck = mCk−1

Step 4: Solve the problem

minz∈D L(z, Ck) = L(zk, Ck).

Step 5: If ∥u− zk∥ ≤ eps then algorithm stops and solution zk is a local minimum or

a stationary point. Otherwise, go to Step 3.

It is well known that the sequence {zk, k = 1, 2, . . . } generated by the algorithm

of the penalty method converges to a solution of problem (2)-(3)[25].

We can generate as many feasible points of the set of profitability conditions as

we choose different initial points in solving problem (2)-(3).

3. Profit analysis with a given unit variable cost

If a variable cost per unit of j-th product cj is given, that is cj = c̃j , j = 1, . . . , n, then

a set of profitability conditions is written as follows:

K1(p, x, F ) = {(p, x, F ) ∈ R2n+1|
n∑

j=1

(pj − c̃j)xj ≥ F, xmin
j ≤ xj ≤ xmax

j ,

6
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pmin
j ≤ pj ≤ pmax

j , Fmin ≤ F ≤ Fmax, pj > cj , j = 1, . . . , n.}

The set K1(p, x, F ) is called a set of profitability conditions with respect to parameters

(p, x, F ). The set K1(p, x, F ) is nonconvex. Let a point v be an arbitrary point in

R2n+1. In order to find a feasible point in the set K1(p, x, F ), we solve the following

optimization problem.

min
z∈D1

f1(z) = ∥z − v∥2, z = (p, x, F ) (4)

subject to:

g1(z) = F −
n∑

j=1

(pj − c̃j)xj ≤ 0, (5)

where

D1 = {z ∈ R2n+1| xmin
j ≤ xj ≤ xmax

j , pmin
j ≤ pj ≤ pmax

j ,

Fmin ≤ F ≤ Fmax, pj > c̃j , j = 1, . . . , n}.

Using the penalty function algorithm, we find a feasible point z̃ = (p̃, x̃, c̃, F̃ ).

4. Profit analysis with a given unit variable cost and fixed cost

Assume that a variable cost c and fixed cost F in (1) are given. Suppose that c = c̃

and F = F̃ . Denote a set of profitability conditions with respect to price and volume

7
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by K2:

K2(p, x) = {(p, x) ∈ R2n|
n∑

j=1

(pj − c̃j)xj ≥ F̃ , xmin
j ≤ xj ≤ xmax

j ,

pmin
j ≤ pj ≤ pmax

j , pj > c̃j , j = 1, . . . , n.}

It is clear that the set K2 is not convex and problem (2)-(3) reduces to the

following optimization problem:

min
z∈D2

f1(z) = ∥z − u∥2, z = (p, x) (6)

subject to:

g2(z) = F̃ −
n∑

j=1

(pj − c̃j)x̃j ≤ 0, (7)

where

D2 = {z ∈ R2n| xmin
j ≤ xj ≤ xmax

j , pmin
j ≤ pj ≤ pmax

j ,

pj > c̃j , j = 1, . . . , n}.

Similarly, solving problem (6)- (7) by penalty function approach, we find a feasible

point z̄ = (p̄, x̄) of the set K2(p, x).

8
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5. Profit analysis with a given price

If a price is given as p = p̃ in (1), then we obtain a set of profitability conditions with

respect to volume, variable cost and fixed cost:

K3(x, c, F ) = {(x, c, F ) ∈ R2n+1|
n∑

j=1

(p̃j − cj)xj ≥ F, xmin
j ≤ xj ≤ xmax

j ,

Fmin ≤ F ≤ Fmax, p̃j > cj , j = 1, . . . , n}.

The set K3(x, c, F ) is called a set of profitability conditions with respect to parameters

(x, c, F ). The set K3(x, c, F ) is nonconvex. Let a point v be an arbitrary point in

R2n+1. In order to find a feasible point in the set K3(x, c, F ), we solve the following

optimization problem.

min
z∈D3

f3(z) = ∥z − v∥2, z = (x, c, F ) (8)

subject to:

g3(z) = F −
n∑

j=1

(p̃j − cj)xj ≤ 0, (9)

where

D3 = {z ∈ R2n+1| xmin
j ≤ xj ≤ xmax

j , cmin
j ≤ cj ≤ cmax

j ,

Fmin ≤ F ≤ Fmax, p̃j > cj , j = 1, . . . , n}.

Using the penalty function algorithm, we find a feasible point q̃ = (p̃, x̃, c̃, F̃ ) of

9
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the set of profitability conditions K3(x, c, F ) .

6. Profit analysis with a given price and fixed cost

Assume that price and fixed cost are given in (1). In other words, p = p̃ and F = F̃ .

The set of profitability conditions K4 with respect to parameters (x, c) can be written

as follows:

K4(x, c) = {(x, c) ∈ R2n|
n∑

j=1

(p̃j − cj)xj ≥ F̃ , xmin
j ≤ xj ≤ xmax

j ,

cmin
j ≤ cj ≤ cmax

j , p̃j > cj , j = 1, . . . , n}

Problem (2)-(3) reduces

min
z∈D4

f4(z) = ∥z − u∥2, z = (x, c) (10)

subject to:

g4(z) = F̃ −
n∑

j=1

(p̃j − cj)xj ≤ 0, (11)

where

D4 = {z ∈ R2n| xmin
j ≤ xj ≤ xmax

j ,

cmin
j ≤ cj ≤ cmax

j , p̃j > cj , j = 1, . . . , n}.

Similarly, if we solve problem (10)-(11) by the penalty method algorithm, we

10
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obtain a feasible point in the set of profitability conditions K4(x, c).

7. Application of sphere packing theory

The subsets of profitability conditions can be also generated using sphere packing

theory which deals with packing non overlapping spheres of the maximum volume in

a given set [2]. In order to examine profitability analysis from a view point of sphere

packing theory it is worth mentioning the latest result on this theory [1].

Let B(u0, r) be a ball with a center u0 ∈ Rn and radius r ∈ R.

B(u0, r) = {x ∈ Rn|∥x− u0∥ ≤ r}, (12)

here ⟨, ⟩ denotes the scalar product of two vectors in Rn, and ∥ · ∥ is Euclidean norm.

Let D be a polytope given by the following linear inequalities.

D = {x ∈ Rn|⟨ai, x⟩ ≤ bi, i = 1,m}, ai ∈ Rn, bi ∈ R.

Assume that D is a compact set which is not congruent to a sphere and

intD ̸= Ø. Clearly, D is a convex set in Rn.

Lemma 7.0.1. [1]. B(u0, r) ⊂ D if and only if

⟨ai, u0⟩+ r∥ai∥ ≤ bi, i = 1,m. (13)

r ≥ 0. (14)

Problem of inscribing a sphere with the maximum radius into D reduces to the

11
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following linear programming.

max
(x,r)

r (15)

subject to

⟨ai, x⟩+ r∥ai∥ ≤ bi, i = 1,m, (16)

r ≥ 0. (17)

Let z0 = (p0, x0, c0, F 0) be a solution to problem (2)-(3). Let us consider the following

cases.

Case 1. Now for given parameters of p0, c0 and F 0, we introduce the set of

profitability conditions with respect to volume as follows[24] :

Kx =


x ∈ Rn |

n
j=1

(p0j − c0j )xj ≥ F 0, xmin
j ≤ xj ≤ xmax

j , j = 1, . . . , n


 (18)

where, xmin
j , xmax

j -minimum and maximum capacity volumes for j-th product, j =

1, . . . , n and ∥x∥ denotes the norm of the vector x in Rn. Denote by B(u0, r0) a sphere

with a center x0 ∈ Rn and radius r0 ∈ R, r0 > 0:

B(u0, r0) = {x ∈ Rn | ∥x− u0∥ ≤ r0}. (19)

It is easy to see that any point y ∈ B can be presented as

y = u0 + α
h

∥h∥
(20)

for any h ∈ Rn and 0 ≤ α ≤ r0.

According to sphere packing theory[1], we must find a sphere B(u0, r0) with the max-

12
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imum radius r0 such that B(u0, r0) ⊂ Kx. For this purpose, we rewrite problem

(15)-(17), taking into account the constraints of Kx given by (18), as the following

linear programming problem

max r (21)

n∑
j=1

(p0j − c0j )xj − r

√√√√
n∑

j=1

(p0j − c0j )
2 ≥ F 0 (22)

−xj + r ≤ −xmin, j = 1, . . . , n (23)

xj + r ≤ xmax
j , j = 1, . . . , n. (24)

Let (u0, r0) be a solution to the above problem and if we take any

h = (h1, h2, . . . , hn) ∈ Rn

then

xh = (x1, . . . , xn) =

(
u01 + r0

h1
∥h∥

, . . . , u0i + r0
hi
∥h∥

, . . . , u0n + r0
hn
∥h∥

)

x̄h = (x̄1, . . . , x̄n) =

(
u01 − r0

h1
∥h∥

, . . . , u0i − r0
hi
∥h∥

, . . . , u0n − r0
hn
∥h∥

)

∥h∥ =
√

h21 + . . . , h2n

and xh, x̄h ∈ B(u0, r0), consequently xh, x̄h ∈ Kx satisfy profitability conditions (18).

13
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It means that in order to ensure company’s profit, the company must keep its volumes

in the following intervals:

u0j − r0
hj
∥h∥

≤ xj ≤ u0j + r0
hj
∥h∥

, j = 1, . . . , n. (25)

Denote by Zx the following set

Zx =


x ∈ Rn | u0j − r0

hj
∥h∥

≤ xj ≤ u0j + r0
hj
∥h∥

, j = 1, . . . , n


.

It is clear that

Zx ⊂ Kx. (26)

Case 2. Now assume that volumes of products x0j , j = 1, . . . , n, fixed and variable

costs are given. The set of profitability conditions with respect to price is defined as

follows [24]:

Kp =


p ∈ Rn |

n
j=1

(pj − c0j )x
0
j ≥ F 0, pmin

j ≤ pj ≤ pmax
j , j = 1, . . . , n


 .

Define a sphere B̄(z0, r̄0) with a center z0 and a radius r̄0:

B̄(z0, r̄0) =

p ∈ Rn |∥p− z0∥ ≤ r̄0


.

In order to check condition B̄(z0, r̄0) ⊂ Kp with the maximum radius, according to

14
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sphere packing theory, we solve the following linear programming

r → max (27)

n∑
j=1

pjx
0
j − r

√√√√
n∑

j=1

(x0j )
2 ≥

n∑
j=1

c0jx
0
j + F 0

−pj + r ≤ −pmin
j , j = 1, . . . , n

pj + r ≤ pmax
j , j = 1, . . . , n.

(28)

Let p∗ = (p∗1, p
∗
2, . . . , p

∗
n) and r∗ be a solution to the above problem then a point p

constructed as

p = p∗ + r∗
h

∥h∥
∈ Kp

for any h = (h1, h2, . . . , hn) ∈ Rn belongs to Kp . Also, we can show that all points

p(α) = p∗ + α
h

∥h∥
∈ Kp

belong to Kp for 0 ≤ α ≤ r∗ and h ∈ Rn. If we take h = (1, 1, . . . , 1) ∈ Rn, then

p∗j − r∗
1√
n
≤ pj ≤ p∗j + r∗

1√
n
, j = 1, . . . , n. (29)

It means that in order to ensure company’s profit, the company must keep its prices

in the above intervals. Denote by Zp the following set

Zp =

{
p ∈ Rn | p∗j − r∗

1√
n
≤ pj ≤ p∗j + r∗

1√
n
, j = 1, . . . , n.

}
.

It is clear that

15



82	 International Journal of Mathematics, Statistics and Operations ResearchAsian Journal of Statistics and Applications BARINTAG, Saheya

Zp ⊂ Kp. (30)

Case 3. Let the volumes x0j , prices p0j of products and the fixed cost F 0 be given.

Define the set of profitability conditions with respect to variable cost as follows[24]:

Kc =



c ∈ Rn |

n
j=1

(p0j − cj)x
0
j ≥ F 0, cmin

j ≤ cj ≤ cmax
j , j = 1, . . . , n



 .

Define a sphere B(v0, r0) with a center v0 and a radius r0:

B(v0, r0) =

c ∈ Rn |∥c− v0∥ ≤ r0


.

By analogy with formulas (37)-(38), in order to check condition B(v0, r0) ⊂ Kc with

the maximum radius, we solve the problem.

r → max (31)

n
j=1

cjx
0
j + r


n

j=1

(x0j )
2 ≤

n
j=1

p0jx
0
j − F 0

−cj + r ≤ −cmin
j , j = 1, . . . , n

cj + r ≤ cmax
j , j = 1, . . . , n.

(32)

Let (c∗, r∗) = (c∗1, c
∗
2, . . . , c

∗
n, r

∗) be a solution to problem (40)-(41). Then points c

constructed as

c = c∗ + r∗
h

∥h∥
∈ Kc

16
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for any h = (h1, h2, . . . , hn) ∈ Rn belong to Kc. Also, we can show that all points

c(α) = c∗ + α
h

∥h∥
∈ Kc

for 0 ≤ α ≤ r∗ and h ∈ Rn.

By analogy with case 3, it means that in order to ensure company’s profit, the company

must keep its variable costs in the intervals

c∗j − r∗
1√
n
≤ cj ≤ c∗j + r∗

1√
n
, j = 1, . . . , n. (33)

Denote by Zc the following set

Zc =

{
c ∈ Rn | c∗j − r∗

1√
n
≤ cj ≤ c∗j + r∗

1√
n
, j = 1, . . . , n

}
.

It is clear that

Zc ⊂ Kc. (34)

Finally, taking into account formulas (26), (30), and (34), we have

Zx

⋃
Zp

⋃
Zc ⊂ K.

The sets Zx, Zp, and Zc are regarded as approximation sets of the set of profitability

conditions K.

17
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8. Numerical Implementation

In order to illustrate the proposed approach numerically, we use the following given

data of company.

xmin
1 = 8, xmax

1 = 28, xmin
2 = 5, xmax

2 = 20, xmin
3 = 2, xmax

3 = 28,

cmin
1 = 220, cmax

1 = 320, cmin
2 = 300, cmax

2 = 530, cmin
3 = 1000, cmax

3 = 2500, pmin
1 =

250, pmax
1 = 800, pmin

2 = 600, pmax
2 = 1500, pmin

3 = 3200, pmax
3 = 5500,

Fmin = 14000, Fmax = 17000.

For solving problem (2)-(3), an initial approximation point u0 was chosen as

u0 = (26,−7, 4,−250, 320, 2300,−400, 700, 6000, 15000).

Then problem (2)-(3) is written for the above data in the following:

minz∈D f(z) = (x1 − 26)2 + (x2 + 7)2 + (x3 − 4)2 + (c1 + 250)2 + (c2 − 320)2+

+(c3 − 2300)2 ++(p1 + 400)2 + (p2 − 700)2 + (p3 − 6000)2 + (F − 15000)2

subject to:

g(z) = F −
n∑

j=1

(pj − cj)xj ≤ 0
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8 ≤ x1 ≤ 28

5 ≤ x2 ≤ 20

2 ≤ x3 ≤ 7

220 ≤ c1 ≤ 320

300 ≤ c2 ≤ 530

1000 ≤ c3 ≤ 2500

250 ≤ p1 ≤ 800

600 ≤ p2 ≤ 1500

3200 ≤ x3 ≤ 5500

14000 ≤ F ≤ 17000.

Note this optimization problem belongs to a class of nonconvex optimization and has

many local extremum points. Application of the Lagrange method to the problem

does not guarantee always finding a global solution. Even finding a local solution by

the Lagrange method has difficulties because of complementarity conditions greated

by a box constraints imposed on parameters. That is why penalty function method is

most suitable which finds at least one feasible point in a nonconvex set of profitability

conditions.

The algorithm of penalty function method for solving the optimization problem

coded in Matlab found the following solution:

z0 = (p0, x0, c0, F 0),

where p0 = (250, 700, 5500), x0 = (26, 5, 3.83), c0 = (220, 320, 2300), F=1500.

Now fixing some parameters in the solution, we can generate other sets of prof-

itability conditions based sphere packing theory. Example for case 1.
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Table 1. Parameters

i unit price, p0 unit variable cost, c0 min.level of xi max.level of xi

1 250 220 8 28

2 700 320 5 20

3 5,500.0 2300 2 7

For example, consider a company with the fixed cost of F 0 = 15, 000.0, price p0

and variable cost c0. These parameters are given in Table 1. Using these parameters, we

find an optimal range of volumes to ensure company’s profitability by solving problem

(23)-(26) which is formulated as

r → max,

30x1 + 380x2 + 3200x3 − 3222.62r ≥ 15000

x1 − r ≥ 8

x1 + r ≤ 28

x2 − r ≥ 5

x2 + r ≤ 20

x3 − r ≥ 2

x3 + r ≤ 7

r ≥ 0.

(35)

The problem has been solved numerically by Matlab. The optimal radius is r∗ = 2.31.

Solutions, also low and upper bounds of optimal ranges computed by formula (27)

have been given in the following table.

Table 2. Solution for case 1

i solution, xi low bound of xi upper bound of xi

1 25.68 24.34 27

2 17.68 16.34 19

3 4.68 3.34 6.02

We can also represent the set of profitability conditions with respect to volume
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by the following system of inequalities:

24.34 ≤ x1 ≤ 27

16.34 ≤ x2 ≤ 19

3.34 ≤ x3 ≤ 6.02.

(36)

Example for case 2.

Table 3. Parameters

i volume of x0 unit variable cost, c0 min.level of pi max.level of pi

1 26 220 250 800

2 5 320 600 1500

3 3.83 2,300.0 3200 5,500.0

Consider a company with the fixed cost of F 0 = 15, 000.0 and fixed parameters of

x0 and c0 given in Table 3. Problem (37)-(38) which corresponds to case 2 is formulated

as follows

r → max,

26p1 + 5p2 + 3.83p3 − 26.74r ≥ 31129.19

p1 − r ≥ 250

p1 + r ≤ 800

p2 − r ≥ 600

p2 + r ≤ 1500

p3 − r ≥ 3200

p3 + r ≤ 5500

r ≥ 0.

(37)

The problem has been solved numerically by Matlab. The optimal radius is r∗ =

275. Solutions, also low and upper bounds of optimal ranges computed by formula
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(39) have been given in the following table.

Table 4. Solution for case 2

i solution, pi low bound of pi upper bound of pi

1 525 366.22 683.77

2 1225 1066.22 1383.77

3 4884.97 4726.2 5043.74

Then the set of profitability conditions with respect to price is given by the

following system of inequalities

366.22 ≤ p1 ≤ 683.77

1066.22 ≤ p2 ≤ 1383.77

4726.2 ≤ p3 ≤ 5043.74.

Example for case 3.

Table 5. Parameters

i volume of x0 price, p0 min.level of ci max.level of ci

1 26 250 220.0 320

2 5 700 300 530.0

3 3.83 5500 1000 2500

Consider a company with the fixed cost of F 0 = 15, 000.0 and fixed parameters of

x0 and p0 given in Table 5. Problem (37)-(38) which corresponds to case 3 is formulated

as follows:

In order to find a set of the profitability conditions with respect to variable cost,
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we solve problem (40)-(41) using parameters in Table 5 which is formulated as

r → max

26c1 + 5c2 + 3.83c3 + 26.74.47r ≤ 16066.98

c1 − r ≥ 220

c1 + r ≤ 320

c2 − r ≥ 300

c2 + r ≤ 530

c3 − r ≥ 1000

c3 + r ≤ 2500

r ≥ 0.

(38)

The problem has been solved numerically by Matlab. The optimal radius is r∗ = 50.

Solutions, also low and upper bounds of optimal ranges computed by formula (42)

have been given in the following table.

Table 6. Solution for case 3

i solution, ci low bound of ci upper bound of ci

1 270 241.13 298.86

2 350 321.13 378.86

3 1050 1021.13 1078.86

Then the set of profitability conditions with respect to price is given by the

following system of inequalities

241.13 ≤ c1 ≤ 298.86

321.13 ≤ c2 ≤ 378.86

1021.13 ≤ c3 ≤ 1078.86.
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9. Conclusion

In this paper, the main part of traditional CVP analysis, profitability conditions have

been examined based optimization method[25] and sphere packing theory[1, 19, 24].

Unlike the previous our work[19, 24], the proposed approach deals with a nonconvex

optimization problem using the penalty function method developed in [25]. To find a

feasible point from the nonconvex set of profitability conditions, we use the penalty

function method and algorithm[25]. Fixing some parameters of a feasible point, we

generate sets of profitability conditions with respect to CVP’s other parameters. The

advantage of the approach in front of traditional CVP analysis is that it can handle

multi-product case finding sets of required volumes, prices, and costs which ensure

profitability of industries. The sphere packing approach can also analytically represent

optimal ranges of parameters via center and radius of a sphere inscribed in a set of

profitability conditions. This helps managers to make rational decisions in profitability

of a business. The proposed approach was tested on some examples providing numerical

results obtained on Matlab.
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